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Abstract—Harnessing the abundant availability of spectral resources at millimeter wave (mmWave) frequencies is an attractive
solution to meet the escalating data rate demands. Additionally,
it has been shown that full-duplex (FD) communication has the
potential of doubling the bandwidth efficiency. However, the
presence of significant residual self-interference (SI), which is
especially more pronounced at mmWave frequencies because
of the non-linearities in the hardware components, erodes the
full potential of FD in practice. Conventionally, the residual
SI is canceled in the baseband using digital processing with
the aid of a transmit precoder. In this work, we propose a
hybrid beamforming design for FD mmWave communications,
where the SI is canceled by the joint design of beamformer
weights at the radio-frequency (RF) and the precoder as well
as combiner in the baseband. Our proposed design preserves the
dimensions of the transmit signal, while suppressing the SI. We
demonstrate that our joint design is capable of reducing the SI by
upto 30 dB, hence performing similarly to the interference-free
FD system while being computationally efficient. Our simulation
results show that the proposed design significantly outperforms
eigen-beamforming.
Index Terms—Full-Duplex, Millimeter Wave, MIMO, Beamforming, Hybrid Precoding.

I. I NTRODUCTION
IVEN the escalating mobile data rate demands, the
world is pacing toward the next generation of wireless
communication while also aiming for higher spectral efficiency. Recently, millimeter wave (mmWave) communication
has gained much attention as one of the key disruptive
technologies to deliver the ever-increasing data rates [1].
Since the spectral resources in the sub-6 GHz bands are
already crowded, harnessing the wide bandwidths available at
mmWave frequencies can significantly increase the capacity
to accommodate a large number of users [1]. Additionally,
it has been shown that full-duplex (FD) communication has
the potential to double the communications spectral efficiency
[2]–[4]. Therefore, the efficient employment of FD techniques
at mmWave frequencies would further improve the network’s
spectral efficiency.
In mmWave communication, owing to its high propagation
losses imposed by the attenuation due to foliage, atmospheric
absorption and rain-induced fading, the signal-to-noise ratio
(SNR) at the receiver would be typically low [5]. Therefore,
to mitigate the propagation losses, directional transmissions
are employed using large antenna arrays [6]. Given that
wavelength at mmWave frequencies is on the order of few
millimeters, large antenna arrays can be packed into a compact

G

The fiscal support of InterDigital as well as that of the European Research
Council, Advanced Fellow Grant is gratefully acknowledged.

area to attain high beamforming gains. Traditionally, beamforming at lower frequencies has been carried out using digital
processing, which is not a convenient solution for mmWave
frequencies, since it would require a dedicated radio-frequency
(RF) chain for each and every antenna element. Hence, directional transmission at mmWave frequencies is employed
using hybrid beamforming (HBF), in order to circumvent the
hardware complexity and the need for power hungry analogto-digital/digital-to-analog converters (ADCs/DACs) dedicated
to all of the RF chains [7]. The HBF is performed by cascading
a digital precoder in the baseband and an analog phase shifter
at the RF. The analog beamforming carried out at the RF stage
is typically inaccurate because of the limited resolution of the
phase shifters. The state-of-the-art HBF architectures include
fully-connected HBF and sub-array-connected HBF [8], [9],
where the signals are precoded in the baseband and phaseshifted at the RF stage and then fed to the transmit antennas.
Most of the contributions in hybrid mmWave systems are
focused on precoding/codebook designs for the RF and the
baseband. To elaborate further, by exploiting the sparse nature
of the mmWave channel, El Ayach et al. [10] proposed a
hybrid precoder design based upon a popular technique known
as orthogonal matching pursuit (OMP). In [11], Alkhateeb et
al. proposed an RF codebook design for hybrid systems. A
heuristic algorithm devised by exploiting channel’s reciprocity
was advocated by Eltayeb et al. [12]. Considering the hardware
complexity and system performance, Chen [13] proposed
an iterative hybrid beamforming, where phase shifters can
only supply discrete phase adjustments while maximizing the
spectral efficiency.
On the other hand, it is generally assumed that bidirectional
radio communication in the same frequency band is not possible because of the high self-interference that results from the
transmitter’s own transmission at the local receiver. However,
the research conducted in [2], [3] proposed a solution to
this challenge, where simultaneous transmission and reception
in the same frequency were designed, which is termed as
full-duplex (FD) wireless communication. Henceforth, the FD
communication philosophy has attracted the attention of the
wireless communication researchers, given its potential to
double the spectral efficiency. However, the significant amount
of self-interference (SI) at the local receiver tends to prevent
FD communication from attaining satisfactory performance
gains. Typically, the SI cancellation at the local receiver is
carried out by a combination of passive and active methods [2],
[14]. The passive methods aim for increasing the path loss of
the interfering signal through antenna isolation so as to reduce
the SI power [15]. By contrast, the active methods rely on the
knowledge of the transmitted signal and they are generally
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carried out in three different approaches [16], namely radiofrequency (RF) cancellation, antenna cancellation, and digital
cancellation. In the RF cancellation, the known transmitted
signal at the local transmitter is used as a reference signal
in the RF chain to reconstruct and then to subtract the SI. In
the antenna cancellation, two replicas of the transmitted signal
having opposite phases are generated using multiple transmit
and receive antennas and the SI is removed by adding the
two opposite replicas [17]. In contrast to RF and antenna cancellation, digital cancellation is typically employed together
with the RF or antenna cancellation to further suppress the
SI in the baseband [17], [18]. However, the benefits obtained
by cascading RF/digital cancellation to remove the SI may
remain limited because of the distortions at various stages,
such as the power amplifier non-linearity, I/Q imbalance,
and phase noise [4]. This is especially more pronounced in
mmWave communications because of the high non-linearities
of the ADCs/DACs at mmWave frequencies [19]. Hence,
considering these non-linearities caused by the ADCs/DACs,
power amplifiers, I/Q imbalance and phase noise, the residual
SI would be significantly high. In the state-of-the-art contributions on the FD, most of the work has been focused on SI
cancellation for MIMO relay systems [20]–[24], while some
other related work includes dynamic resource allocation for
FD systems [25]. More recently, Wang et al. [26] has derived
a closed-form expression for achievable rates for FD MIMO
relay systems over Rician fading when linear receivers are
employed. Considering the limitations of the input circuitry,
Day et al. derived upper and lowers bounds on achievable
sum rate for FD MIMO in [27]. Everett et al. [28] studied the
performance analysis of passive self-interference suppression
for FD, where the authors demonstrate that as high as 70 dB
of SI suppression is possible in certain environments.
Although mmWave frequencies can provide large contiguous bandwidths, the efficient use of spectral resources is
crucial to meet the escalating data rate demands. Hence,
the efficient employment of FD communication at mmWave
frequencies would further improve the attainable spectral efficiency. As far as FD communication is concerned, there is a
paucity of literature on mmWave communications relying on
FD techniques. Additionally, employing beamforming would
further mitigate the SI. More recently, Xiao et al. [16] proposed a beamforming based FD for mmWave communication,
where the authors designed transmit and receive beamforming
weights to cancel the SI. In [29], Snow et al. demonstrated
that SI cancellation of upto 40 dB using digital beamforming
can be achieved relying on multiple coordinated transceivers.
Despite the application of both the analog and digital cancellations, there is still a significant residual SI. Therefore, the SI
cancellation relying on beamforming techniques is crucial at
mmWave frequencies in addition to the conventional analog
and digital SI suppression methods in the face of the strongly
non-ideal nature of the ADCs/DACs and power amplifiers,
which result in high residual SI [19]. Unfortunately, the
designs in [16], [29] cannot be easily extended to HBF systems
in mmWave communications, given that they are proposed for
a single RF chain and an attempt to extend them to multiple RF
chains becomes mathematical intractable. Hence, in this paper,
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we propose a HBF design, where the RF beamformer and
baseband precoder are obtained from the fully-digital precoder.
Our contributions are summarized as follows.
1) Against this background, in this paper, we consider FD
communication at mmWave frequencies relying on hybrid
beamforming, where we aim for mitigating the SI by
jointly designing the transmit and receive RF beamformer
weights and the precoder as well as combiner matrices.
To design the beamformer, precoder and combiner matrices, we first obtain the fully-digital solution, where we
resort to an iterative algorithm relying on the idealized
simplifying assumption of having perfect channel state
information (CSI). Then we derive the HBF solution
from the obtained digital solution using least-squares
approximation [30]. The proposed solution preserves the
signal’s dimensionality1 , while mitigating the SI. Based
on our simulation results, we show that the proposed
design is capable of reducing the SI by upto 30 dB and
hence performing similarly to the interference-free FD
system.
2) We present the mathematical proof for the convergence
of the proposed iterative design, where the objective
function is minimized in each iteration. Furthermore, we
show that the value of the objective function reduces in
every iteration and it is lower-bounded by zero.
3) We present quantitative comparisons of our proposed
design through simulation results, where we demonstrate
that our proposed design achieves better performance
gains than eigen beamforming, especially when the SI
power is high.
The rest of the paper is organized as follows. In Section II,
we detail the system model of FD in mmWave communication,
while in Section III we present our proposed hybrid beamforming design to suppress the SI. Section IV and Section V
discuss our simulation results, followed by our conclusions.
Notations: We use upper case boldface, A, for matrices and lower case boldface, a, for vectors. We use
(.)T , (.)H , k.kF , Tr(.) E(.) for the transpose, Hermitian
transpose, Frobenius norm, trace and expectation operator,
respectively. We adopt A(m, n) to denote mth row and nth
column of the A, IN is the identity matrix of size N × N ,
and A  0 indicate that A is a positive definite matrix.
Finally, we use CN , U, and i.i.d. to denote complex-valued
normal distribution, uniform distribution, and independent and
identical distribution, respectively.
II. S YSTEM M ODEL
In this paper we focus on a point-to-point communication
in order to show the precoder and combiner design in details2 .
The transmitter and the receiver of node j are equipped with
(j)
(j)
Nt and Nr antennas as well as by NrRF
and NtRF
RF
(j)
(j)
chains, respectively. The transmitter of node j maps the bits
1 In contrast to spatial suppression [31], where the signal is projected into the
null space of the interference, which may result in a reduced signal dimension,
our design preserves the dimensionality of the signal subspace where the rank
of the received signal is equal to the number of signal streams transmitted.
2 In a subsequent paper we are showing how the system would work with
multiple nodes (users > 2).
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to QAM symbols and employs both RF beamforming and
(j)
(j)
(j)
precoding using the matrices FRF and FBB of size Nt ×NtRF
(j)
(j)

× Ns , respectively. The beamformed symbols are
and NtRF
(j)
transmitted over the mmWave channel. Then, the receiver
at the node i combines the signal using the RF combiner
(i)
(i)
(i)
WRF and baseband combiner WBB of sizes Nr × NrRF
and
(i)
(j)
×Ns ,
NrRF
(i)

(i)

respectively. Then, the received signal vector y
at the receiver of node i after RF and baseband combining is
given by3
(i)

(i)

(j) (j)

H
H
y(i) = WBB
WRF
Hji F F s(j)
{z RF BB }
|
desired signal

(i)

(i)

(i)

(i) (i) (i)

(i)

H
H
+ WBB
WRF
WH n(i) , (1)
HSI FRF FBB s(i) + WH
}
{z
} | BB {zRF
|
noise

SI

(i)

where n is the noise vector of dimension Nr whose elements
are i.i.d. with distribution CN (0, σ 2 ), s(j) is the signal vector
(j)
of dimension Ns , Hji is the mmWave channel spanning from
the transmitter in the j th node to the receiver in the ith node,
whenever i 6= j and it is given by [32]
s
Np
(i) (j) Nc X
Nr Nt X
(n ,n )
n ,n
n ,n
Hji =
α p c ar (φjip c )aTt (θjip c ).
Nc Nray n =1 n =1 ji
c

p

(2)
To elaborate further, Hji is the statistical channel matrix
Node 2

Node 1
Cluster

3

Finally, θt and φr , Nc and Np are the angles of departure
(AOD) and arrival (AOA), and the number of clusters and
rays, respectively.
For uniform planar arrays (UPA) having Nx and Ny antennas in the xy plane, the response vector is given by
2π
λ dnx

a(θ, ψ) =[1 ej

sin(ψ) sin(θ)+ny cos(θ)

(5)

j 2π
λ (Nx −1) sin(ψ) sin(θ)+(Ny −1) cos(θ) T

] ,

...e

(6)

where ψ, θ are the elevation (AoA/AoD) and azimuthal angles
(AoA/AoD), respectively.
Note that the node i is operating in FD mode and hence
can transmit at the same time, while receiving the signal from
node j. Hence, the second term in (1) is the interference due to
(i)
its own transmission. The matrix HSI is the near-field channel
of node i and is given as
r
r
κ
1
(i)
Hii +
Hrp ,
(7)
HSI =
κ+1
κ+1
where κ is the Rician factor, Hii is the near-field channel’s lineof-sight (LOS) component (direct path as shown in Fig. 1) and
Hrp is the reflected path of the self-interference. Fig. 2 shows
the arrangement of the transmit and receive antenna arrays,
where the arrays are separated by a distance D at an angle Θ.
To elaborate further, in FD since the transmitter and the local
receiver antenna arrays are closely spaced, where the distance
D shown in Fig. 2 would be typically few wavelengths, if the
transmitter and the local receiver do not share the same array,
and D is zero if they share the same array [16]. Hence, the
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Fig. 1. Full-duplex with hybrid beamforming in mmWave
communications.
(i)

(j)

(j)

(i)

of size Nr × Nt so that E[kHji k2F ] = Nt Nr , while
n
αncp ∼ CN (0, 1) is a complex-valued Gaussian random variable, whose amplitude and phase are Rayleigh and uniform
distributed, respectively. For a uniform linear array (ULA)
having Nr and Nt antenna elements the response vectors ar
and at are expressed as:
ar (φr ) = [1 ej
at (θt ) = [1 e

2π
λ d cos(φr )

j 2π
λ d cos(φt )

. . . ej

2π
λ (Nr −1)d cos(φr )

]T ,

j 2π
λ (Nt −1)d cos(φt ) T

...e

] .

Θ
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Fig. 2. The configuration of the transmitter and the local
receiver antenna arrays of a node.
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3 The signal model considered is valid after both analog and digital SI
cancellation.

planar wave assumption does not hold, as it violates the farfield condition, i.e. Ro ≥ 2D2 /λ where D is the diameter of
the antenna aperture as shown in Fig. 3. Typically, in the farfield as shown in Fig. 3 (a), the underpinning assumption is
that the signal impinges on the antenna array as a planar wave,
which means that all the antenna elements (AEs) observe the
same path loss in the received signal and the phase difference
between the adjacent antenna elements depends only on the
angle of arrival and AEs spacing [33]. By contrast, in the
FD scenario, since the transmitter and the local receiver are
closely placed, these assumptions do not hold for the SI
channel, as it is a near-field channel, which is shown in Fig. 3
(b). Therefore, a more realistic channel model, which is the
spherical wave propagation model is considered for the near(i)
field LOS channel matrix Hii [34] and the channel coefficient
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Fig. 3. Illustration of far-field and near-field models. (a) In
the far-field scenario (Ro ≥ 2D2 /λ), the signal is assumed to
strike the array as a planar wave. (b) the signal is assumed
to be a spherical wavefront as (Ro < 2D2 /λ).

(i)

of the nth row and mth column entry of Hii is given by [16],
[34]
rmn
ρ
exp(−j2π
),
(8)
[Hii ](i)
mn =
rmn
λ
where ρ is the power normalization constant invoked for
(i) (i)
(i)
ensuring E[kHii k2F ] = Nt Nr , and rmn is the distance
th
between the m element of the transmitter and nth element
of the the receiver, which is given in (9), where λ, D, and Θ
are the wavelength, the distance between the first antenna
elements of the transmitter and receiver arrays, and the angle
between the arrays, respectively. The channel matrix Hrp of
the reflected path is modeled as in (2) with the appropriate
angle of departure and arrival. It is instructive to note that the
near-field channel model considered in (8) is a simplified one
as in [35]. It does not account for the mutual coupling effects
between the antenna elements and the signal reflections.
For the system model in (1), the achievable sum rate of the
system is given in (10), where the term Z−1
captures the SI
i
power due to the transmitter of node i plus noise power at
(i)
the receiver of node i. Furthermore, P (j) and PSI denotes
the transmit power of node j and the SI power of node i,
respectively.
Remark 1: The employment of FD hybrid beamforming
is more plausible in a downlink scenario, where the base
station is receiving a signal from one user at an angle φ1
and simultaneously transmitting to another user at an angle
φ2 . In other words, the transmitter transmits its own signal in
one beam and receives the signal from a user in a different
beam, hence mitigating the SI.
In the next section, we design the beamformer, precoder
and combiner matrices to suppress the interference, while
preserving the signal dimensions.

4

A. Proposed Precoder and Combiner Design
Consider the system model in (1), where only digital
precoding and combining are employed, hence we set F(j) =
(i)
(i)
(j) (j)
H (i)
FRF FBB and WH = WH
BB WRF . Then, the system model
in (1) reduces to
(i)

(i)

(i)

(i)

H
n(i) .
y(i) = WH Hji F(j) s(j) + WH HSI F(i) s(i) + W
{z
} |
|
{z
} | {z }
desired signal

noise

SI

(11)
In this section, we aim for designing the precoder matrix F
for a fixed combiner matrix W and then design the combiner
matrix W for a fixed precoder matrix F. We carry out this
process of optimization in iterations so that the effect of SI
is minimized. The self-interference plus noise at the receiver
node i for fixed precoder matrix F(i) is
(i)

(i)

(i)

SI(i) = WH HSI F(i) s(i) + WH n(i) ,

(12)

where the co-variance matrix Q(i) of the interference plus
noise at the receiver node i is given by


(i)
Q(i) = Tr WH R(i) W(i) ,
(13)
with R(i) given by
(i)

(i)

(i)

R(i) = PSI HSI F(i) (HSI F(i) )H + In ,

(14)

and In is the noise power. Our objective is to design W and
F so that we minimize the self-interference power Q(i) at
the receiver and simultaneously
preserve

 the dimension of the
(i)
(j)
signal space, i.e. rank WH Hji F(j) = Ns .
Proposition 1: For the equality constrained optimization
problem of


(i)
min Tr WH R(i) W(i)
(15)
W(i)

(i)

s.t. WH Hji F(j) = αINs
where R(i) is a positive definite matrix (R(i)  0), the local
optimal solution is given by

−1
−1
−1
(i)
Wopt = αR(i) Hji F(j) (Hji F(j) )H R(i) (Hji F(j) )
(16)
and α is the normalization constant expressed as
1

α= r
Tr



H(i)
(i)
Wopt Wopt

.

(17)

Proof: The proof is relegated to Appendix A.
III. T RANSCEIVER D ESIGN P ROPOSED FOR MM WAVE
S YSTEMS
In this section, we present our proposed design, where we
first conceive the local optimal digital precoder and combiner
matrices for the system model of (1). Then, we split the digital
(j)
precoder obtained into an analog RF beamformer matrix FRF
(j)
and a digital precoder matrix FBB .

(i)

As seen from (16), Wopt is a function of F(j) , while our
objective is to design W and F jointly. Hence, we opt for
an iterative design, where we initially set F(j) to the right
(i)
singular vector of the channel matrix Hji to get Wopt and then
having obtained the combiner matrix W(i) , we now proceed to
design the precoder matrix F(j) by considering the interference
caused by the transmitter at the node j to the local receiver.
The self-interference power imposed by the transmitter of
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s
rmn =

λ
D
+ (n − 1)
tan(Θ)
2

2


+

λ
D
+ (m − 1)
sin(Θ)
2

2

5


−2

λ
D
+ (n − 1)
tan(Θ)
2



D
λ
+ (m − 1)
sin(Θ)
2


cos(Θ),

!
P (j) −1 (j) (j) H H (i) (i) H (i) H (i)
(j) (j)
C=
log2 det INs +
Z (FRF FBB ) Hji WBB WRF WBB WRF Hji FRF FBB , j = 1, 2; i = 1, 2; j 6= i
N◦ i
j
H

(i)
(i) H (i) H (i) i (i) (i)
H (i) (i) (i)
H (i) H (i) i (i) (i)
+ σ 2 WH
WRF HSI FRF FBB
Zi = PSI WBB
WRF HSI FRF FBB WBB
BB WRF WBB WRF
X

(18)

where S(j) is given by4

H 

(j)
(j)
(j)
(j)
(j)
S(j) = PSI WH HSI
WH HSI + I.

(19)

Similarly, our objective here is to minimize the selfinterference power S(j) caused by the transmitter.
Thus, the constrained optimization problem is given by
 (j)

min Tr FH S(j) F(j)
(20)
F(j)

Initialize F(j) to right singular vectors of the channel
matrix Hji , j = 1, 2; i = 1, 2; j 6= i;
(i)
2: Compute the matrices R , i = 1, 2 ;
(i)
3: Obtain W
=

H

−1
−1
(i)−1
R
Hji F(j)
Hji F(j)
;
R(i)
Hji F(j)
1:

4:

normalize
;



WH

(j)

−1

Hji S(j)



WH

(j)

Hji

H −1
(21)

multiplication

factor

Compute the matrices S(j) , j = 1, 2 ;
Obtain F(j) = 

H −1
(j)−1
H(j)
H(j)
H(j)
W
W
H
S
HH
W
H
;
ji
ji
ji

7:

Then

as
(j)

by

5:
6:

1
−1

W(i)

r 
H(i) (i)
Tr Wopt Wopt

(i)

By using Proposition 1, we obtain the local optimal solution

Then

1

s.t. WH Hji F(j) = βINs .

(j)

(10)

Algorithm 1 Proposed Design for Full Duplex HBF system

node j on the receiver of node j is given by
 (j)

J(j) = Tr FH S(j) F(j) ,

H
Fopt = βS(j) HH
ji W

(9)

normalize
;

F(j)

by

multiplication

factor

r 
H(j) (j)
Tr Fopt Fopt

8:

Repeat steps from 2 until convergence of functions (15)
and (20) is reached.

and β is the normalization constant expressed as
1

β=r
Tr



H(j) (j)
Fopt Fopt

.

(22)

This is an iterative process and it is continued until the convergence of the objective functions (15) and (20) is reached.
The pseudo code for the algorithm is presented in Algorithm
1. The proof of convergence is presented in the next section.
In this paper, we have assumed that both the nodes 1 and
2 can simultaneously transmit and receive the data. However,
in practice, given the power constraints, it is reasonable to
assume that only the base station is equipped with a complex
FD transceiver while the mobile station is half-duplex (HD).
In this scenario, the mobile station does not experience any SI,
hence the precoder for the mobile station can be designed by
setting HSI = 0 in (19). However, the precoder and combiner
weights for the base station can be obtained from Algorithm
1.
Remark 2: It is worth observing from (15) and (20) that
the objective functions not only minimize the interference
leakage into the desired receiver but also preserve the degrees
term I is added in (19) to ensure that the matrix S(j) is invertible. The
physical meaning of this is that it minimizes the norm of the precoder matrix.
However, its effect is counteracted by β, which ensures that the transmit
power is constant, i.e. ||F(j) s(j) ||2F = Ns . Therefore, the identity matrix role
in (19) is to ensure that S(j) is invertible, but it has no influence on the design
regardless of the SNR/INR. It can be removed if S(j) is invertible in practice.
4 The

of freedom for the desired signal, which is formulated in the
constraint. The physical significance of the constraints in both
the objective functions of (15) and (20) is ensuring that the
signal does not suffer from distortions. The proposed objective
functions can also be interpreted as maximizing the SINR,
where the numerator (signal fidelity) is kept unaltered while
reducing the denominator (interference) [36].

B. Convergence of the Proposed Design
In this subsection, we present the convergence of the objective function in (15) and (20). We show that the value of the
objective function decreases in every iteration and converges
to its local optimum in a few iterations, which makes it more
computationally efficient in practical system designs. Here,
we provide the proof for the convergence of the proposed
algorithm. The total self-interference plus noise power at all
receivers is given by
Q=
=

2
X
i=1
2
X



(i)
Tr WH R(i) W(i)

(23)





(i)
(i)
(i)
Tr WH
HSI F(j) (HSI F(j) )H + In W(i)

i=1

(24)
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=

2
X



(i)
(i)
(i)
Tr WH HSI F(j) (HSI F(j) )H W(i) + 1.

(25)

i=1

Similarly, the self-interference plus noise power at node j
is given by

J=

2
X

 (j)

Tr FH S(j) F(j) ,

(26)

j=1

=

2
X

 (j) 


(j)
(j)
(j)
(j)
Tr FH
(WH HSI )H (WH HSI ) + In F(j)

j=1

(27)
=

2
X



(j)
(j)
(j)
(j)
Tr (WH HSI F(j) )H (WH HSI F(j) ) + 1. (28)

j=1

It is instructive to note that the objective functions in
(23) and (26) are identical. Hence, W which minimizes (23)
also minimizes (26) and similarly F that minimizes (26) also
minimizes (23). Furthermore, the local optimal solutions of the
objective functions (15) and (20) are given by Proposition 1,
and they are sure to converge to the locally optimal solution as
it is guaranteed by the Algorithm 1 of the proposed design and
the value of the objective function decreases in every iteration
and it is lower bounded by zero.
Fig. 4 shows the convergence of the objective function (15)
for the proposed design. It can be seen from the figure that
the objective function converges to a local optimum solution
in just five iterations. Furthermore, since objective functions
for designing precoder and combiner are the same, as proved
in (23) and (26), Fig. 4 holds for (20).

6

excessive hardware complexity and a high power consumption.
Therefore, to circumvent these challenges, typically a hybrid
beamformer is employed, which has an analog RF beamformer
and a baseband precoder. Thus, having obtained the fullydigital precoder solution, we now aim for decomposing the
digital solution into a hybrid product, where we invoke the
algorithm proposed in [37], which relies on the classic LS
solution. Then similarly, the decomposition of the digital
combiner matrix into an analog RF beamformer WRF and a
baseband combiner WBB can be carried out.
(j)
It is important to note that decomposing the matrix Fopt into
(j)
(j)
the product of FRF and FBB is not straightforward because of
(j)
the constraints imposed on the FRF matrix, where the entries
(j)
in FRF must have constant modulus, otherwise we would
have a power imbalance in the system. Therefore, we aim
for finding the product of two matrices FRF and FBB which
(j)
closely approximates the local optimal precoder Fopt . The
optimization problem can be formulated as
(29)

s.t.|FRF (m, n)|2 = 1.

(30)
(j)

To solve the above optimization problem, we first fix FRF
(j)
(j)
to the angle ∠Fopt and then find the sub optimal FBB . This
(j)
solution is then used for obtaining the unconstrained FRF in
the next step.
Thus, the problem in (6) reduces to a two-stage optimization
problem, which can be formulated as
(j)

(j)

(j)

(j)

(31)

(j)

(j)

(j)

(32)

FBBk+1 , min kFopt − FRFk FBBk k2F ,
(j)
FBB

(j)

FRFk+1 , min kFopt − FRFk FBBk k2F ,
(j)

0.31

FRF

where k is the iteration index. Furthermore, Equations (31) and
(32) represent a convex quadratically-constrained quadratic
programming (QCQP) problem, whose solutions are given as
[30], [37]
 (j)
−1
(j)
(j)
H
H (j) (j)
FBBk+1 = FRF
F
FRF
Fopt ,
(33)
RFk
k
k

−1
(j)
(j) H(j)
(j)
H(j)
.
(34)
FRFk+1 = Fopt FBBk+1 FBBk+1 FBBk+1

0.305

Objective Function

(j) (j)

(j)

min kFopt − FRF FBB k2F .

(j) (j)
FRF ,FBB

0.3

0.295

0.29

0.285

(j)

Since the FRFk+1 obtained in (34) is unconstrained, we apply

0.28
0

5

10

15

20

25

30

Iterations

Fig. 4. Convergence of the objective function in (15) for the
proposed design, SIR= 0 dB and SNR= -10 dB.

C. Hybrid Beamforming for the Proposed Design
In the previous sections, we presented the digital precoder
and combiner design so as to minimize the SI. However, at
the time of writing, the obtained resultant digital precoder and
combiner design cannot be readily implemented in practice,
since dedicating individual DACs/ADCs (RF chains) to each
element of a large antenna array would impose a potentially

(j)

the Proposition 2 [37] to obtain the constrained FRFk+1 , where
the magnitudes of the entries are constant.
Proposition 2 [37]: Suppose A ∈ CNt ×Ns is expressed
as A(m, n) = |A(m, n)|ej∠A(m,n)
, ∀m, n. Let S = {B ∈
√
CNt ×Ns | |B(m, n)| = 1/ Nt , ∀m, n} and
U0 = f (A) , arg min kA − Uk2F
U∈S

(35)

is the Euclidean projection of A onto the set S. Then, U0 =
√1 e∠A(m,n) .
Nt
Proof : We refer readers
to [37].


−1 
(j)
(j) H(j)
(j)
H(j)
Thus, FRFk+1 = f Fopt FBBk+1 FBBk+1 FBBk+1
.
(j)

In other words, we set the magnitude of each entry in FRFk+1
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q
(j)
(j)
to 1/ Nt and the phase as ∠FRFk+1 . A similar procedure
is followed to obtain WRF and WBB .
The pseudo-code for hybrid precoding is presented in Algorithm 2.

7

completely eliminates the interference and performs close to
the system subjected to no interference. On the other hand, the
performance of eigen beamforming is inferior to the proposed
design by a large margin.

Algorithm 2 Iterative matrix decomposition for HBF system

2:
3:
4:
5:
6:

(j)

Employ algorithm 1 to get Fopt ;
(j)
Initialize FRFk = ∠Fopt ;
 (j)
−1
(j) (j)
(j)
(j)
Obtain FBBk+1 ← FH
F
FH
RFk RFk
RFk Fopt ;

−1
(j)
(j) H(j)
(j)
H(j)
Obtain FRFk+1 ← Fopt FBBk+1 FBBk+1 FBBk+1
;
q
(j)
(j)
(j)
Then, set FRFk+1 = 1/ Nt ∠FRFk+1 ;
Repeat steps 3-5 until convergence. Do similarly for WRF
and WBB ;

50

Sum Rate (bps/Hz)

1:

40

Interference free FD System (Digital BF)
Proposed Design SIR = -10 dB (Digital BF)
Eigen Beamforming SIR = -10 dB (Digital BF)
Proposed Design SIR = -30 dB (Digital BF)
Eigen Beamforming SIR = -30 dB (Digital BF)

30
20

TABLE I. Simulation parameters
10

Parameters
(1)
Nt
(2)
Nt
(1)
Nr
(2)
Nr
NtRF
1
NtRF
2
Ns1
Ns2
κ [dB]
φ
θ
Modulation

Values
128
128
32
32
2
2
2
2
50
U(−π/6, π/6)
U(−π/6, π/6)
QPSK

0
-25

-20

-15

-10
-5
SNR [dB]

0

5

10

Fig. 5. Digital precoding of the proposed design for SIR= -10
dB, -30 dB. The distance between the transmit and receive
antenna arrays is D=0 and the angle between the arrays is
Θ = 0◦ . The parameters of Table 1 are used.

60

IV. S IMULATION R ESULTS
In this section, we characterize the performance of the
proposed design and compare it to that of eigen beamforming,
where the left and right singular matrices of the corresponding
channel are employed. We use the sum rate expression of (10)
as the performance metric for our simulations. The parameters
used in our simulations are summarized in Table I. The Rician
factor in the SI channel model in (7) is set as high as 50 dB
in our simulations, since the SI channel is LOS dominant.
Fig. 5 compares the sum rate of both the proposed design
and of eigen beamforming, where the dominant eigen vectors
are chosen as the precoder matrix. Furthermore, the curves
shown in the figure are without hybrid beamforming, i.e. with
the fully-digital beamforming. We also show in Fig. 5 the
achievable sum rate, when the system is interference free. It
is seen in Fig. 5 that for the signal-to-interference ratios (SIRs)
of - 10 dB as well as -30 dB and when Θ = 0 and D = 0, the
proposed design yields significant sum rate gains. Moreover,
when the SIR is as low as -30 dB, the proposed design almost

50
Sum Rate (bps/Hz)

Note that since the scope of the paper is not explicitly on the
matrix decomposition of the HBF system, we have resorted to
using the classic LS solutions. However approaches of [38]–
[40] may also be invoked for matrix decomposition.

Proposed Design (Fully Digital BF, INR= 0 dB)
Proposed Design (Hybrid Beamforming, INR = 0 dB)
Proposed Design (Fully Digital BF, INR= 10 dB)
Proposed Design (Hybrid BF, INR= 10 dB)

40
RF

30

Nt =2, Ns=2

20
10
0
-25

-20

-15

-10
-5
SNR [dB]

0

5

10

Fig. 6. Sum rate of hybrid beamforming relying on the proposed design for INR=0 dB as well as 10 dB. The distance
between the transmit and receive antenna arrays is D=0 and
the angle between the arrays is Θ = 10◦ . The parameters of
Table 1 are used.
Fig. 6 shows the sum rate performance of the unconstrained
(fully-digital) and constrained (hybrid beamforming) designs
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Solid Line: SIR=-20 dB
Dashed Line: SIR=-25 dB
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Fig. 7. Sum rate comparison of the proposed design and of
eigen beamforming using hybrid beamforming for different
SIRs. The distance between the transmit and receive antenna
arrays is D=0 and the angle between the arrays is Θ = 10◦ .
The parameters of Table 1 are used.

45
40
35
Sum Rate (bps/Hz)

of the proposed algorithm. It can be seen from the figure
that for the interference-to-noise ratio (INR) of 0 dB the
performance of the fully-digital design and of the hybrid
beamforming designs is similar. However, when the INR is
increased to 10 dB, the hybrid beamforming of the proposed
design starts deviating from the fully-digital design. This is
because of the constraint in the RF beamforming to have
constant gain entries. The error in splitting the fully-digital
matrix into hybrid beamforming matrices is amplified as the
INR is increased.
The comparison of the sum rate of the proposed design and
of the eigen beamforming using hybrid beamforming is shown
in Fig. 7. The curves portrayed in the figure are simulated for
SIRs = −20 dB and −25 dB, when D=0 and Θ = 0◦ . It is seen
that the proposed beamforming solution outperforms eigen
beamforming by about 5 dB for both the SIRs considered.
To further examine the sum rate of both systems, Fig. 8
shows the sum rate of the proposed design for INR= 10 dB,
25 dB. Since the residual self-interference in FD is significant
in practice, an INR as high as 25 dB is considered for Fig. 8.
It is again evident from the figure that for both the INRs of
10 dB and 25 dB, the proposed design achieves better sum
rate than the eigen beamforming based hybrid beamforming.
The proposed design is capable of better mitigating the selfinterference and hence provides about 5 dB gain against the
eigen beamforming system.
Fig. 9 (a) shows the achievable rate of both FD and HD
systems for a 128 × 32 element MIMO. It is interesting to
note that for higher levels of INR at low SNRs the HD mode
provides better sum rate than the FD systems, which can
be observed at the cross-over points in the Fig. 9 for INR
levels of 10 dB and 15 dB. Therefore, in system design, it
is important to consider the operating region of FD and HD
modes depending on the INR levels, especially at mmWave
frequencies because of the dominant residual SI. Furthermore,
it is instructive to observe that when the MIMO size is
reduced to 64 × 32, the cross-over shifts further to right as
observed in Fig. 9 (b). In other words, the 128 × 32 element
MIMO provides higher beamforming gain with narrow beams
to circumvent the SI when compared to that of 64 × 32
element MIMO. Thus, large antenna arrays may be employed
for directional transmission to suppress the SI efficiently.
Additionally, the performance of the system also depends
on the position of the transmit and receive antenna arrays. To
study the system performance for both designs with respect to
the transmit and receive antenna arrays placement, Fig. 10
shows the sum rate for different values of D. It is worth
observing from the figure that as the distance D between the
transmit and receive antenna is increased from 2λ to 20λ,
the performance of the system improves significantly. This
is because for the increased separation, the self-interference
would experience higher path loss, which results in passive
interference suppression, thus a gain of about 5 dB is observed when D is set to 20λ. Hence, superior performance is
observed.
Another important parameter that affects the system’s performance is the angle between the transmit and receive antenna
arrays. Fig. 11 shows the performance of both system designs,

8

30
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Eigen Beamforming (Hybrid BF)
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Eigen Beamforming (Hybrid BF)

Solid Line: INR = 10 dB
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-5
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Fig. 8. Comparison of the sum rate of the proposed design and
of eigen beamforming using hybrid beamforming for different
INRs. The distance between the transmit and receive antenna
arrays is D=0 and the angle between the arrays is Θ = 0◦ .
The parameters of Table 1 are used.

when the angle between the arrays is varied. It is seen that
for both designs, the sum rate remains low when the angle
between the arrays Θ = 0◦ , 180◦ and 360◦ and D=0. This
is expected, because when they share same antenna array
(as Θ = 0◦ and D=0), the SI would be high, which has
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(a)

Fig. 10. Sum rate of the proposed design for different values
of D when INR= 10 dB and angle between the transmit and
receive antenna arrays Θ = 0◦ .
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Fig. 9. Comparison of the sum rate of FD and HD modes at
different SI levels — (a) 128 × 32 (b) 64 × 32. The distance
between the transmit and receive antenna arrays is D=0 and
the angle between the arrays is Θ = 0◦ . The parameters of
Table 1 are used.
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Fig. 11. Sum rate performance vs angle between the arrays
when D=0, SNR= -5 dB and INR =10 dB.
detrimental effects on the system’s performance. However,
when the arrays are placed at different angles, the sum rate
improves, because the angles of arrival and departure would
be different, which makes the transmit and receive signal
separation more efficiently.
Furthermore, in order to understand the effect of channel
estimation error on the performance of the proposed design,
we simulated the bit error rate (BER) performance of the
proposed system, when considering perfect channel knowledge
as well as erroneous CSI at the transmitter and receiver. Fig. 12
shows the BER curve for both perfect and imperfect CSI, when
the precoder and combiner of Section III-C are employed. In

this simulation the error in the channel estimate is assumed to
be distributed as complex Gaussian with mean 0 and variance
σh2 i.e, ∼ CN (0, σh2 ) [41]. We have investigated the BER
performance for σh2 as low as 0.1, and for σh2 as high as 25
[41]. It can be seen from the Fig. 12 that there is a degradation
in the performance of the BER when the channel is imperfect
to that of when there is perfect CSI. It is instructive to note
that the proposed designed is for maximizing the sum rate,
which need not necessarily minimize the BER. Furthermore,
the FD is conceived for capacity enhancement, not for BER-
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Then, the Lagrangian conditions for this problem are

-1

Bit Error Rate (BER)

10

10

FD with Perfect CSI (INR=5 dB)
2
FD with Imperfect CSI with h =0.1 (INR=5 dB)
2
FD with Imperfect CSI with h =25 (INR= 5 dB)
HD with Perfect CSI

-2

∇WH(i) L = 0
opt

H(i)
∗
z Wopt Hji F(j) − αINs = 0
Explicitly (37) can be written as,


H(i)
(i)
∇WH(i) Tr Wopt R(i) Wopt
opt


(i)
(j)
+ z ∗ ∇WH(i) WH
H
F
−
I
ji
Ns = 0
opt

(38)

(39)

opt

10

where ∇ is the gradient operation and z ∗ is the Lagrangian
multiplier.
(i)
By taking the derivative with the respect to WH
in
equation (39), we obtain

-3

(i)

10

(37)

R(i) Wopt + zHji F(j) = 0

-4

-24 -22 -20 -18 -16 -14 -12 -10
SNR [dB]

-8

(i)
Wopt

-6

Fig. 12. BER of the proposed design for FD under imperfect CSI. To obtain this curve, a single stream with QPSK
modulation is transmitted using 128 × 32 element MIMO. The
parameters of Table 1 are used.

= −R

(i)−1

(j)

Hji F

z.

(40)
(41)

(i)

Upon substituting Wopt in (38), we get

H
−1
−R(i) Hji F(j) z
Hji F(j) = αINs
−1

−1
z = −α (Hji F(j) )H R(i) Hji F(j)
.

(42)
(43)

Hence,
reduction. Although the uncoded BER performance of the FD
may remain inferior to that of HD as in Fig. 12, the coded
BER performance of the FD scheme is capable of approaching
the capacity [42].


−1
−1
−1
(i)
Wopt = αR(i) Hji F(j) (Hji F(j) )H R(i) (Hji F(j) )


(44)
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